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Abstract
In this paper, we propose a modified formal Lagrangian formulation by introducing dummy
dependent variables and prove the existence of such a formulation for any system of differential
equations. The corresponding Euler–Lagrange equations, consisting of the original system and
its adjoint system about the dummy variables, reduce to the original system via a simple
substitution for the dummy variables. The formulation is applied to study conservation laws of
differential equations through Noether’s Theorem and in particular, a nontrivial conservation
law of the Fornberg–Whitham equation is obtained by using its Lie point symmetries. Finally, a
correspondence between conservation laws of the incompressible Euler equations and variational
symmetries of the relevant modified formal Lagrangian is shown.
Keywords: Modified formal Lagrangians; Self-adjointness; Symmetries; Conservation laws;
Noether’s Theorem
1 Introduction
A lot of differential equations arising from physical phenomena can be derived from variational
calculus, that studies extrema of functionals, i.e., functions whose arguments are also functions.
Variational structure not only allows us to study geometric properties of differential equations
systematically (e.g., [4, 5, 26]), but also serves as an important framework for the development
of geometric numerical integrators (e.g., [12, 25,27]). Another great advantage of a variational
structure is that Noether’s Theorem can immediately be applied to derive conservation laws of
variational differential equations. Noether’s Theorem, establishing a one-to-one correspondence
between variational symmetries and conservation laws of the Euler–Lagrange equations, was
proved by Emmy Noether and published in 1918 [28]; see [29] for a modern version and [20] for
a history of Noether’s Theorem together with her second theorem.
Conservation laws are among the most important properties of differential equations. To
apply Noether’s Theorem, it is necessary to study inverse problems, namely, to distinguish
variational differential equations from the others, and to find the corresponding functional
when the system is variational. Unfortunately, a variational structure is not always available for
general differential equations. Many methods for deriving conservation laws of general or special
type of differential equations, nevertheless, have been developed, for instance, Vinogradov’s
C -spectral sequence [5, 35, 36], symbolic methods [11, 14], the direct construction method of
Anco & Bluman [2, 3], using partial Lagrangians [19], the formal variational structure and
self-adjointness method [10,16,17], etc.
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In particular, the formal variational structure firstly proposed by Ibragimov defines a formal
Lagrangian L for a general system of differential equations {Fα = 0, α = 1, 2, . . . , l} by
introducing dummy dependent variables v, namely
L :=
∑
α
vαFα.
In other words, any system of differential equations can be embedded in a bigger system of
Euler–Lagrange equations consisting of the original system and its adjoint system. Moreover,
symmetries of the original system can be extended to variational symmetries of the correspond-
ing formal variational problem, and hence conservation laws can be derived using Noether’s
Theorem. If, through a proper substitution for the dummy variables, the Euler–Lagrange equa-
tions reduce to the original system, namely, the adjoint system is equivalent to the original
system, called the self-adjointness of the system, then the so-obtained conservation laws turn
into conservation laws of the original system through the same substitution. Although these
conservation laws can sometimes be trivial, this method provides a straightforward algorithm
for computing conservation laws of non-variational differential equations using Noether’s The-
orem. Furthermore, it also makes the development of variational integrator for non-variational
differential systems possible; see, e.g., [21]. Some studies on extensions to discrete equations
are available, e.g., [32, 33].
It was realised, unfortunately, that self-adjointness of many differential equations can not
be expressed using simple/unified substitutions for the dummy variables. More complex sub-
stitutions were introduced and successfully applied to some differential equations, for instance,
the weak self-adjointness [10] and nonlinear self-adjointness [17]. However, they are often case-
by-case depending on the system of interest. In this paper, we propose a systematical method
that is applicable to study conservation laws of all differential equations by deriving their self-
adjointness through the simplest substitution for dummy variables v. This is made possible
by modifying a formal Lagrangian by adding an extra so-called balance function L0, which is
independent from the dummy variables:
L̂ :=
∑
α
vαFα + L0
This method will be called a modified formal Lagrangian formulation.
To make the paper self-contained, we will review relevant fundamental theories on symmetry
analysis in Section 2, for instance, the linearized symmetry condition for determining symmetries
of differential equations, symmetries of variational problems and conservation laws of Euler–
Lagrange equations obtained from Noether’s Theorem, and a brief introduction to the formal
Lagrangian method proposed by Ibragimov. Readers who are familiar with these topics and
notations may move to Section 3 directly. In Section 3, we define the modified formal Lagrangian
formulation for a general system of differential equations. Algorithms for extending symmetries
of a system of differential equations to variational symmetries of the corresponding modified
formal Lagrangian are given too. The viscous Burgers’ equation is used as an illustrative running
example. Further concrete examples will be studied in Section 4, including the derivation of
a nontrivial conservation law for the Fornberg–Whitham equation using a symmetry extended
from its Lie point symmetries and a correspondence between variational symmetries of modified
formal Lagrangians and conservation laws of fluid equations.
2 A review of symmetries, conservation laws and Noether’s The-
orem
In this section, we briefly review the linearized symmetry condition for computing symmetries
of differential equations and conservation laws obtained through Noether’s Theorem; details can
be found in, e.g., Olver’s book [29]. Ibragimov’s formal Lagrangian approach for computing
conservation laws will also be reviewed.
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2.1 The linearized symmetry condition
For a system of differential equations, let x = (x1, x2, . . . , xp) ∈ Rp be the independent variables
and let u = (u1, u2, . . . , uq) ∈ Rq be the dependent variables. In the examples though, we will
use t and x to denote the time and space as the independent variables. A system of differential
equations is defined on the jet bundles (cf. [5, 22,34]) coordinated with
(x, [u])
where [u] denotes u and sufficiently many of their derivatives, written in terms of the multi-index
notations
uαJ =
∂|J|uα
∂(x1)j1∂(x2)j2 . . . ∂(xp)jp
,
where J = (j1, j2, . . . , jp) and |J| = j1 + j2 + · · · + jp. Each index ji is a non-negative integer,
denoting the number of total derivatives with respect to the independent variable xi. Therefore,
a system of differential equations can be written locally as
A = {Fα(x, [u]) = 0, α = 1, 2, . . . , q} . (2.1)
Note than we assumed that the number of equations in the system (2.1) is the same as the
dimension of dependent variables u. For simplicity, we will often assume that the system is
analytic and totally nondegenerate, the latter of which means the system itself and its prolon-
gations are of maximal rank and locally solvable; see, e.g., [29].
Consider the following local transformations around ε = 0
x 7→ x˜(x, u, ε), u 7→ u˜(x, u, ε),
subject to x˜(x, u, 0) = x, u˜(x, u, 0) = u,
(2.2)
which are then prolonged to the derivatives uα
J
. They form a local symmetry group of the
system (2.1) if and only if the group maps one solution u = f(x) to another solution u˜ = f˜(x˜).
It is often more convenient to use the corresponding infinitesimal generator
X = ξi(x, u)
∂
∂xi
+ φα(x, u)
∂
∂uα
, (2.3)
where
ξi(x, u) :=
d
dε
∣∣∣
ε=0
x˜i, φα(x, u) :=
d
dε
∣∣∣
ε=0
u˜α.
Note that the Einstein summation convention is used from now on. Prolongation of the trans-
formations (2.2) to higher jets yields prolongation of the infinitesimal generator given by
prX = ξiDi +Q
α ∂
∂uα
+ · · ·+ (DJQ
α)
∂
∂uα
J
+ · · · . (2.4)
The tuple Q with Qα = φα − ξjDiu
α is called the characteristic of X and Di is the total
derivative with respect to xi:
Di :=
∂
∂xi
+ uα1i
∂
∂uα
+ · · ·+ uαJ+1i
∂
∂uα
J
+ · · · ,
where 1i is the p-tuple with only one nonzero entry 1 at the i-th place. The multi-index notation
DJ denotes a multiple number of total derivatives:
DJ = D
j1
1 D
j2
2 · · ·D
jp
p , J = (j1, j2, . . . , jp).
For a system of differential equations (2.1) satisfying the nondegeneracy condition, i.e.,
of maximal rank and locally solvable, a vector field X generates a symmetry group of local
transformations if and only if the linearized symmetry condition is satisfied (e.g., [15,29]),
namely
prX(Fα) = 0, α = 1, 2, . . . , q, whenever the system (2.1) holds. (2.5)
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The total nondegeneracy and analyticity conditions further allow us to express the linearized
symmetry condition equivalently to the existence of q × q matrices (KJ(x, [u])) whose entries
are functions of (x, [u]) such that
prX(Fα) =
∑
β,J
KJαβ (DJFβ) , α = 1, 2, . . . , q. (2.6)
Remark 2.1. Symmetries corresponding to an infinitesimal generator of the form (2.3) are
called Lie point symmetries. They will be called generalised symmetries when coefficients of the
infinitesimal generator not only depend on x and u but also on derivatives of u, namely when
the infinitesimal generator is of the form
X = ξi(x, [u])
∂
∂xi
+ φα(x, [u])
∂
∂uα
.
Example 2.2. The Korteweg–de Vries (KdV) equation
ut + uux + uxxx = 0 (2.7)
admits a four-dimensional group of Lie point symmetries generated by
X1 = ∂t, X2 = ∂x, X3 = t∂x + ∂u, X4 = 3t∂t + x∂x − 2u∂u.
2.2 Variational symmetries and Noether’s Theorem
Consider a variational problem with a functional
L [u] =
∫
Ω
L(x, [u]) dx (2.8)
defined in an open, connected subspace Ω with smooth boundary, where the smooth function
L(x, [u]) is called a Lagrangian (density function). Variational calculus leads to the Euler–
Lagrange equations Euα(L) = 0, α = 1, 2, . . . , q, which are written using the Euler operators
Euα : =
∑
J
(−D)J
∂
∂uα
J
=
∂
∂uα
−Di
∂
∂uα
1i
+DiDj
∂
∂uα
1i+1j
− · · · ,
(2.9)
where (−D)J is the adjoint of the operator DJ: (−D)J = (−1)
|J|DJ.
Invariance of the variational problem (2.8) with respect to the transformations (2.2) can be
expressed as the infinitesimal invariance criterion [29]
prX(L) + LDiξ
i = DivA (2.10)
for some p-tuple A(x, [u]), where X is the corresponding infinitesimal generator (2.3). In fact,
this can be extended to generalised symmetries equally. Such symmetries generated by X are
called (divergence) variational symmetries. The divergence of a p-tuple A is defined as
DivA := DiA
i.
A conservation law of a system (2.1) is a divergence expression of a p-tuple P (x, [u])
DivP = 0
that vanishes on solutions of the system. Conservation laws can be trivial in two ways: The
first kind is that the p-tuple P itself vanishes on solutions of the system, e.g., when each
component P i is a linear combination of the equations {Fα}; The second kind is DivP ≡ 0
holds identically for all functions u = f(x). In particular, for a totally nondegenerate system
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of differential equations, a conservation law can be equivalently understood as the existence of
functions MJα (x, [u]) such that
DivP =
∑
α,J
MJα (DJFα), (2.11)
which can be integrated by parts to yield its characteristic form
Div P̂ = QαFα. (2.12)
Here Q(x, [u]) is the characteristic of the equivalent conservation laws P and P̂ . If further
the system is analytic, then a conservation law is trivial if and only if its characteristic Q is
trivial; a trivial characteristic is defined as
Q = 0 holds on solutions of the system (2.1). (2.13)
When a characteristic is given, the divergence form can be derived by using the homotopy
operator on the variational bicomplex providing the cohomology is trivial (e.g., [4, 5]) or by
intuition. A general formula is also available in [29].
For a variational problem, Noether’s Theorem establishes a one-to-one correspondence be-
tween variational symmetries and conservation laws of the Euler–Lagrange equations.
Theorem 2.3 (Noether’s Theorem). Suppose that a vector field
X = ξi(x, [u])
∂
∂xi
+ φα(x, [u])
∂
∂uα
satisfies the infinitesimal invariance criterion (2.10) for a variational problem (2.8). Then its
characteristic Qα = φα(x, [u]) − ξi(x, [u])uαi is also the characteristic of a conservation law
for the corresponding Euler–Lagrange equations Euα(L) = 0. Namely, there exists a p-tuple
P (x, [u]) such that
DivP = QαEuα(L). (2.14)
Various proofs can be found in different contexts. We briefly review Olver’s proof by inte-
grating the identity (2.10) by parts:
DivA = prX(L) + LDiξ
i
= ξiDiL+
∑
α,J
(DJQ
α)
∂L
∂uα
J
+ LDiξ
i
= Di(Lξ
i) +Qα
∑
J
(−D)J
∂L
∂uα
J
+DivB
(2.15)
for some p-tuple B(x, [u]). The resulting conservation law is
DivP = QαEuα(L), where P = A− Lξ −B. (2.16)
Example 2.4. Let us consider the 1 + 1-dimensional linear wave equation utt − c
2uxx = 0 as
an illustrative example, where c 6= 0. The corresponding Lagrangian is
L(ut, ux) = −
1
2
u2t +
c2
2
u2x
and the wave equation can be equivalently written as Eu(L) = 0. Since the Lagrangian is
explicitly independently from t and x, it admits the time translational and space translational
symmetries, namely
t 7→ t+ ε1, x 7→ x+ ε2,
whose infinitesimal generators are respectively
∂t, ∂x.
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The corresponding conservation laws are written in terms of the characteristics −ut and −ux,
namely
Dt
(
−
1
2
u2t −
c2
2
u2x
)
+Dx
(
c2utux
)
= −ut(utt − c
2uxx),
Dt (−utux) +Dx
(
1
2
u2t +
c2
2
u2x
)
= −ux(utt − c
2uxx).
Note that in the integration by parts formula (2.15), A ≡ 0 for both infinitesimal generators.
2.3 Formal Lagrangians and self-adjointness
In this subsection, we brief review formal Lagrangians and the self-adjointness approach for
computing conservation laws.
By introducing dummy dependent variables v with the same dimension of the dependent
variables u, the formal Lagrangian for a system of differential equations (2.1) is defined as
L(x, [u; v]) := vαFα(x, [u]). (2.17)
The corresponding Euler–Lagrange equations consist of two parts, namely the original system
0 = Evα(L) ≡ Fα(x, [u]), α = 1, 2, . . . , q, (2.18)
and the so-called adjoint system
0 = Euα(L) := F
∗
α(x, [u; v]), α = 1, 2, . . . , q. (2.19)
The system (2.18) is said to be (quasi) self-adjoint if the adjoint system (2.19) is equivalent to
itself via a proper substitution v = h(u). In other words, Euler–Lagrange equations governed
by the formal Lagrangian reduce to the original system via the substitution v = h(u).
Remark 2.5. It was realised that many systems are not self-adjoint through a substitution v =
h(u). In recent years, there have been generalisations to, for instance, weak self-adjointness and
nonlinear self-adjointness (e.g., [10, 17]), that, however, have been found restricted in deriving
nontrivial conservation laws (e.g., [13]); such an example is studied in Section 4.1. Here, we
only introduce the simplest case of self-adjointness.
An important observation by Ibragimov [16] is that any symmetry generator X of the
original system (2.18) can be extended to a variational symmetry generator X + φα∗∂vα for
the formal Lagrangian, yielding a conservation law of the Euler–Lagrange equations (2.18) and
(2.19) using Noether’s Theorem. Taking the self-adjointness condition into consideration, this
conservation law becomes a conservation law of the original system (2.18) via the substitution
v = h(u). Although non triviality and completeness of so-obtained conservation laws are
not promised [1], its simplicity for implementation is a great advantage while on the other
side the formal Lagrangian structure provides necessary foundations for conducting variational
integrator [21]. We will illustrate the algorithm by considering the KdV equation (2.7) as an
example.
Example 2.6. (KdV equation continued.) The formal Lagrangian for the KdV equation is
L = vF where F = ut + uux + uxxx,
and the adjoint equation is
F ∗ := −vt − uvx − vxxx = 0.
The adjoint equation turns into the KdV equation through the substitution v = u:
F ∗
∣∣∣
v=u
= −F.
Lie point symmetries of the KdV equation were given in Example 2.2. Here we computer
the conservation law corresponding to the scaling symmetry
X4 = 3t∂t + x∂x − 2u∂u.
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The extended variational symmetry for the formal Lagrangian is generated by
Y4 = X4 + v
∂
∂v
.
By using the characteristics Qu = −2u− 3tut − xux and Q
v = v− 3tvt − xvx, the conservation
law is written in characteristic form
DtP
t(t, x, [u; v]) +DxP
x(t, x, [u; v]) = QuF ∗ +QvF.
Substituting v = u inside, we obtain a conservation law of the KdV equation, the conservation
of momentum, as follows
Dt
(
1
2
u2
)
+Dx
(
1
3
u3 + uuxx −
1
2
u2x
)
= uF.
3 The modified formal Lagrangian formulation
The formal Lagrangian method defined by Ibragimov is limited even when we are restricted to
evolutionary equations. Nonlinear improvements have been introduced but they are, in many
situations, case-by-case, in particular to determine the substitution of dummy variables. In this
section, we propose a modification of formal Lagrangians that is applicable to any differential
equations, that we will call the modified formal Lagrangian formulation. Let us start with a
motivating example, the viscous Burgers’ equation, which serves as a running example in this
section.
Example 3.1. The viscous Burgers’ equation reads
ut + uux − auxx = 0;
we assume that the viscosity a is nonzero. By using the usual formal Lagrangian method,
the adjoint equation for a dummy variable v can be calculated from the formal Lagrangian
v (ut + uux − auxx), namely
−vt − uvx − avxx = 0,
which is not equivalent to the viscous Burgers’ equation via any substitution v = h(u).
However, if we modify the formal Lagrangian by adding an extra term −au2x and define a
modified formal Lagrangian as follows
L̂ := v (ut + uux − auxx)− au
2
x,
the corresponding (modified) adjoint equation is equivalent to the viscous Burgers’ equation via
the substitution v = u. In fact, the modified Euler–Lagrange equations consist of two parts:
variation w.r.t. v gives the viscous Burgers’ equation, while variation w.r.t. u gives the adjoint
equation, reading
0 = Eu(L) ≡ −vt − uvx − avxx + 2auxx.
Substituting v = u inside gives an equation differing with the Burger’s equation by a minus sign.
This example motivates the definition of a modified formal Lagrangian formulation below.
Definition 3.2. For a system of differential equations (2.1), namely,
A = {Fα(x, [u]) = 0, α = 1, 2, . . . , q} ,
introduce dummy dependent variables v ∈ Rq. If there exists a function L0(x, [u]) such that the
Euler–Lagrange equations governed by the Lagrangian
L̂(x, [u; v]) = vαFα(x, [u]) + L0(x, [u]) (3.1)
reduce to the original system (2.1) via the substitution v = u, then we call the Lagrangian
L̂(x, [u; v]) a modified formal Lagrangian and the corresponding function L0(x, [u]) a bal-
ance function.
7
To distinguish from formal Lagrangians, we will use L̂ to denote a modified formal La-
grangian in the current paper. There are several fundamentally important remarks or facts
regarding the modification. Some of them are as follows.
• A first remark is that the substitution can be chosen arbitrary as v = h(x, [u]) where
h(x, [u]) are arbitrary functions, but v = u is among the simplest ones such that the
adjoint system is equivalent to the original system.
• Secondly, since the balance function L0 is independent from v, half of the modified Euler–
Lagrange equations, i.e., Evα(L̂) = 0, is exactly the original system.
• A balance function exists for any system of differential equations but not necessarily
uniquely. The existence will be proved in Theorem 3.3. It is not unique due to the existence
of null Lagrangians, namely functions written in a divergence form; see, e.g., [29, 30].
• When the balance function can be written in a divergence form, the corresponding modified
formal Lagrangian becomes a formal Lagrangian, namely without modification.
Theorem 3.3. For any system of differential equations
A = {Fα(x, [u]) = 0, α = 1, 2, . . . , q} ,
there exists a generic modified formal Lagrangian
L̂(x, [u; v]) : = vαFα(x, [u]) − u
αFα(x, [u])
= (vα − uα)Fα(x, [u]).
(3.2)
The function L0(x, [u]) = −u
αFα(x, [u]) will be called a generic balance function.
Proof. We only need to show that the corresponding Euler–Lagrange equations reduce to the
original system A via the substitution v = u. Now the modified Euler–Lagrange equations read
0 = Evα(L̂) ≡ Fα(x, [u]),
0 = Euα(L̂) := F̂
∗
α(x, [u; v]).
(3.3)
Direct computation expands the modified adjoint system as follows
F̂ ∗α = Euα
(
vβFβ − u
βFβ
)
=
∑
β,J
(−D)J
((
vβ − uβ
) ∂Fβ
∂uα
J
)
− Fα,
(3.4)
that obviously reduces to the original system with the substitution v = u, i.e.,
F̂ ∗α
∣∣∣
v=u
= −Fα. (3.5)
This completes the proof.
Remark 3.4. The relation between modified adjoint system and the adjoint system (2.19)
(without modification) is
F̂ ∗α(x, [u; v]) = F
∗
α(x, [u; v]) +Euα(L0). (3.6)
In practice, the balance function may include total derivative terms that we often prefer to
mod out since they have no contribution in the Euler–Lagrange equations. For instance, the
balance function −au2x for the viscous Burgers’ equation in Example 3.1 is equivalent to the
generic one −u(ut + uux − auxx) by differing a divergence
u(ut + uux − auxx)− au
2
x = Dt
(
1
2
u2
)
+Dx
(
1
3
u3 − auux
)
. (3.7)
Since there exists a modified formal Lagrangian for any system of differential equations, it
would be interesting to consider some well-known examples.
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• Evolutionary equations
uαt = f
α(x, t, [u]x), α = 1, 2, . . . , q, (3.8)
where the short hand notation [u]x denotes u and finitely many of their derivatives w.r.t.
to x only. Note that x can be multi-dimensional. The generic modified formal Lagrangian
reads
L̂ =
∑
α
vα (uαt − f
α)−
∑
α
uα (uαt − f
α) . (3.9)
An equivalent modified formal Lagrangian is
L̂ =
∑
α
vα (uαt − f
α) +
∑
α
uαfα. (3.10)
• A family of Camassa–Holm-type equations
ut − ǫuxxt = g(x, t, [u]x), ε 6= 0. (3.11)
The generic modified formal Lagrangian reads
L̂ = v (ut − ǫuxxt − g)− u (ut − ǫuxxt − g) , (3.12)
which is equivalent to
L̂ = v (ut − ǫuxxt − g) + ǫuuxxt + ug. (3.13)
For concrete examples, further divergence terms can appear and they can also be modded out.
Next, we are going to show the connections between symmetries of the original system and
variational symmetries of the modified formal Lagrangian. Such connections allow us to derive
conservation laws of the modified Euler–Lagrange equations using Noether’s Theorem, that can
lead to conservation laws of the original system.
Theorem 3.5. Consider a system of differential equations
A = {Fα(x, [u]) = 0, α = 1, 2, . . . , q} ,
that is totally nondegenerate and analytic, and that admits a symmetry generated by
X = ξi(x, [u])
∂
∂xi
+ φα(x, [u])
∂
∂uα
.
Then X can be extended to a variational symmetry
Y = X + φα∗ (x, [u; v])
∂
∂vα
of the generic modified formal functional
L̂ [u; v] :=
∫
Ω
L̂(x, [u; v]) dx,
where the functions φ∗ are to be determined and the generic modified formal Lagrangian is
L̂(x, [u; v]) := vαFα(x, [u]) − u
αFα(x, [u]).
Proof. First of all, as the system is totally nondegenerate and analytic, the linearized symmetry
condition is replaced by (2.6), namely
prX(Fα) =
∑
β,J
KJαβ (DJFβ) , α = 1, 2, . . . , q,
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for some functionsKJαβ(x, [u]). The extended infinitesimal generator Y satisfies the infinitesimal
invariance criterion for the modified formal functional, that is,
prY (L̂) + L̂Diξ
i = DivA
for some p-tuple A(x, [u; v]). Its left-hand side can be integrated by parts as follows
prY (L̂)+L̂Diξ
i = prX(L̂) + φα∗Fα + L̂Diξ
i
= (vα − uα) prX(Fα)− φ
αFα + φ
α
∗Fα + (v
α − uα) (Diξ
i)Fα
=
∑
α,β,J
(vα − uα)KJαβ (DJFβ)− φ
αFα + φ
α
∗Fα + (v
α − uα) (Diξ
i)Fα
=
∑
α
{
(−D)J
[(
vβ − uβ
)
KJβα
]
− φα + φα∗ + (v
α − uα) (Diξ
i)
}
Fα +DivB
(3.14)
for some p-tuple B(x, [u; v]). Clearly, the undetermined functions φ∗ can be chosen as
φα∗ = φ
α − (−D)J
[(
vβ − uβ
)
KJβα
]
− (vα − uα) (Diξ
i) (3.15)
and consequently A = B. This finishes the proof.
Theorem 3.5 implies that any symmetry of the original system amounts to a conservation
law of the Euler–Lagrange equations governed by the modified formal Lagrangian. However,
be noted that the extension of symmetries may not be unique and the choice in Theorem 3.5,
i.e., Equation (3.15), is in fact not the ideal one, because the conservation law corresponding
to the so-extended generator Y becomes a trivial conservation law of the original system when
the substitution v = u is applied:
φα∗
∣∣∣
v=u
= φα and hence Qv
α
∣∣∣
v=u
= Qu
α
, (3.16)
and then we have
DivP
∣∣∣
v=u
=
(
Qu
α
F̂ ∗α +Q
vαFα
) ∣∣∣
v=u
=
(
−Qu
α
+Qv
α
∣∣∣
v=u
)
Fα
= 0.
(3.17)
The relation (3.5) is applied here.
Fortunately, the extension to a variational symmetry Y may not be unique, particularly
when −φαFα can be written in divergence form and hence can be moved into the divergence
DivB in (3.14). In fact, to derive a nontrivial conservation law for the original system, we must
choose those extensions such that (3.16) can not happen. Let us consider the running example
again.
Example 3.6. (The viscous Burgers’ equation continued.) Symmetries of the viscous Burgers’
equation (see Example 3.1) can be calculated using the linearized symmetry condition (2.6) and
its Lie point symmetries are generated by the following infinitesimal generators
X1 = ∂t, X2 = ∂x, X3 = t∂x + ∂u,
X4 = 2t∂t + x∂x − u∂u, X5 = t
2∂t + tx∂x + (x− tu)∂u.
The generic modified formal Lagrangian reads
L̂ = vF − uF, where F := ut + uux − auxx.
The modified adjoint equation is F̂ ∗ = 0 where
F̂ ∗ = −vt − uvx − avxx + 2auxx.
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Take X3 as an example. Direct calculation shows that
prX3(F ) ≡ 0.
Consequently, Equation (3.14) becomes
prY3(L̂) = (φ∗ − φ)F
= (φ∗ − 1)F.
(3.18)
• The extension (3.15) gives
φ∗ = 1, and hence Y3 = t∂x + ∂u + ∂v.
This leads to a trivial conservation law of the viscous Burgers’ equation.
• Equation (3.18) can be rearranged as follows
prY3(L̂) = (φ∗ − 1)F
= φ∗F −Dtu−Dx
(
1
2
u2 − aux
)
.
Therefore, we may choose φ∗ as 0 or −1 instead of 1. In both cases, we obtain a nontrivial
conservation law of the viscous Burgers’ equation:
Dtu+Dx
(
1
2
u2 − aux
)
= F.
As we notice in the example above that the observation needed for obtaining nontrivial
conservation laws is relatively strong. Moreover, we often prefer to Lagrangians including no null
information, namely without terms written in divergence form. The following theorem provides
another approach for extending symmetries of a system of differential equations to variational
symmetries of its (not necessary generic) modified formal Lagrangian; in fact, this method
is often more convenient and practical, compared with Theorem 3.5, for deriving nontrivial
conservation laws.
Theorem 3.7. Consider a system of differential equations
A = {Fα(x, [u]) = 0, α = 1, 2, . . . , q} ,
that is totally nondegenerate and analytic, and that admits a symmetry generated by
X = ξi(x, [u])
∂
∂xi
+ φα(x, [u])
∂
∂uα
.
Assume
L̂(x, [u; v]) := vαFα(x, [u]) + L0(x, [u]).
is a modified formal Lagrangian of the system, such that the modified adjoint system is equivalent
to the original system via the substitution v = u.
If the balance variational problem, whose Lagrangian is the balance function L0(x, [u]), is
invariant w.r.t. X, then X can be extended to a variational symmetry
Y = X + φα∗ (x, [u; v])
∂
∂vα
of the modified formal functional
L̂ [u; v] :=
∫
Ω
L̂(x, [u; v]) dx,
where the functions φ∗ are to be determined.
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Proof. Since the balance variational problem∫
Ω
L0(x, [u]) dx
is invariant w.r.t. X, there exists a p-tuple P0 such that
prX(L0) + L0Diξ
i = DivP0.
Then, we have
prY (L̂) + L̂Diξ
i = prX (vαFα + L0) + φ
α
∗Fα + (v
αFα + L0)Diξ
i
= vα prX(Fα) + prX(L0) + φ
α
∗Fα + v
α(Diξ
i)Fα + L0Diξ
i
=
∑
α,β,J
vαKJαβ (DJFβ) + v
α(Diξ
i)Fα + φ
α
∗Fα +DivP0
=
∑
α
{
(−D)J
[
vβKJβα
]
+ vα(Diξ
i) + φα∗
}
Fα +Div (B + P0)
where the p-tuple B(x, [u; v]) is the consequence of integration by parts. Therefore, the unde-
termined functions φ∗ can be chosen as
φα∗ = −
{
(−D)J
[
vβKJβα
]
+ vα(Diξ
i)
}
(3.19)
such that the modified formal functional is invariant w.r.t. Y .
Example 3.8. (The viscous Burgers’ equation continued.) All Lie point symmetries of the
viscous Burgers’ equation are listed in Example 3.6. Let us consider the modified formal La-
grangian given in Example 3.1:
L̂ = v (ut + uux − auxx)− au
2
x.
Recall that it is equivalent to the generic modified formal Lagrangian, leading to the same Euler–
Lagrange equations.
The balance variational problem with Lagrangian L0 = −au
2
x is invariant w.r.t. X1, X2 and
X3 such that
prXi(L0) + L0
(
Dtξ
t
i +Dxξ
x
i
)
= 0, i = 1, 2, 3.
For each of the three infinitesimal generators, we have
prXi(F ) ≡ 0, i = 1, 2, 3.
From Equation (3.19), we obtain φ∗ = 0 for all of the three infinitesimal generators and hence
Yi = Xi, i = 1, 2, 3. The corresponding characteristics are
Qu1 = −ut, Q
v
1 = −vt,
Qu2 = −ux, Q
v
2 = −vx,
Qu3 = 1− tux, Q
v
3 = −tvx.
Recall that
F = ut + uux − auxx,
F̂ ∗ = −vt − uvx − avxx + 2auxx.
The corresponding conservation laws of the modified Euler–Lagrange equations are respectively
given by
DtP
t
i +DxP
x
i = Q
u
i F̂
∗ +QviF, i = 1, 2, 3,
where
P t1 = −uuxv + auxxv + au
2
x, P
x
1 = uutv − 2autux − autxv + autvx,
P t2 = −uvx, P
x
2 = uvt − au
2
x + auxvx,
P t3 = −(1− tux)v, P
x
3 = −uv + 2aux − avx − tutv − atu
2
x + atuxvx.
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In fact, they can be simply derived from the integration by parts formula (2.15) and in this
special case, we obtain them as
P ti = −L̂ξ
t
i −Q
u
i
∂L̂
∂ut
, P xi = −L̂ξ
x
i −Q
u
i
(
∂L̂
∂ux
−Dx
∂L̂
∂uxx
)
− (DxQ
u
i )
∂L̂
∂uxx
,
where i = 1, 2, 3. A general formula can be found in [29].
Setting v = u in the three conservation laws, only the third one contributes to a nontrivial
conservation law of the viscous Burgers’ equation, namely
Dtu+Dx
(
1
2
u2 − aux
)
= F,
which is the same as we obtained in Example 3.6. According to the analysis of cohomology of
C -spectral sequence, this is the only (local) conservation law for the viscous Burgers’ equation;
see, e.g., [5].
Beside the extension of known symmetries of a system to variational symmetries of its
modified formal functionals through either Theorem 3.5 or Theorem 3.7, one may also use
their own variational symmetries (not necessary extended from known symmetries) to derive
conservation laws using Noether’s Theorem; see Section 4.2 for an illustrative example from
fluid mechanics.
4 Concrete examples
In this section, we will study some concrete examples from physics and fluid mechanics. In the
first example, we obtain a nontrivial conservation for the Fornberg–Whitham equation that has
not been successfully achieved using the previous formal Lagrangian method. For differential
equations from fluid mechanics, we show how to derive conservation laws from a modified formal
Lagrangian’s variational symmetries, that are not necessary extended from known symmetries
of the original differential equations.
4.1 The Fornberg–Whitham equation
The Fornberg–Whitham (FW) equation is a nonlinear dispersive wave equation, admitting a
wave of greatest height, e.g., [9]. Symmetry analysis of a bigger family of nonlinear partial differ-
ential equations was conducted in [7]. It was shown in [13] (see also [18]) that the FW equation
is neither quasi self-adjoint nor weak self-adjoint through the formal Lagrangian approach; al-
though it is nonlinearly self-adjoint but only trivial conservation laws could be obtained. In
this subsection, we will study its modified formal Lagrangian formulation to derive conservation
laws.
The FW equation can be written as F = 0 with
F = ut − uxxt + ux + uux − 3uxuxx − uuxxx. (4.1)
It admits a three-dimensional group of Lie point symmetries whose infinitesimal generators are
X1 = ∂t, X2 = ∂x, X3 = t∂x + ∂u.
Let us study the conservation law related to X3 by considering the following modified formal
Lagrangian
L̂ = vF + L0(x, t, [u]),
where v is the dummy dependent variable and the balance function is chosen as
L0 = uuxuxx.
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It is equivalent to the generic one by modding out all divergence terms. Direct computation
gives the modified Euler–Lagrange equations
0 = Ev(L̂) ≡ F,
0 = Eu(L̂) := F̂
∗,
where the modified adjoint equation is
F̂ ∗ = −vt + vxxt − vx − uvx + 3uxuxx + uvxxx
satisfying
F̂ ∗
∣∣∣
v=u
= −F.
First of all, we shall check that the balance variational problem is invariant w.r.t. X3.
Namely the infinitesimal invariance criterion (2.10) is satisfied for L0; by noting Div ξ3 ≡ 0, we
have
prX3(L0) = Dx
(
1
2
u2x
)
.
It can be checked that prX3(F ) ≡ 0, and hence Equation (3.19) gives the extension of X3
to a variational symmetry Y3 = X3 of the modified formal Lagrangian, whose characteristics is
written in components as
Qu = 1− tux, Q
v = −tvx.
The corresponding conservation law for the modified Euler–Lagrange equation is written in
characteristic form as
DtP
t +DxP
x = QuF̂ ∗ +QvF,
where
P t = −v + vxx − tuvx + tuxxvx,
P x = −v + tuvt + uvxx − uxvx +
3
2
u2x − tuxvxt − tuuxvxx + tu
2
xvx + tuuxxvx − tu
3
x.
Substituting v = u inside, it becomes a nontrivial conservation law of the FW equation written
in characteristic form as follows
Dt (u− uxx) +Dx
(
u+
1
2
u2 − u2x − uuxx
)
= F. (4.2)
A remark on the symmetries X1 and X2 is that they are also variational symmetries for
the balance variational problem and hence lead to nontrivial conservation laws for the modified
Euler–Lagrange equations. But no new nontrivial conservation law of the FW equation can be
achieved after the substitution v = u is applied.
4.2 Fluid mechanics: The incompressible Euler equations as an illustration
In this subsection, we will show how well-known conservation laws of fluid systems represented
in the Eulerian framework can be derived using the modified Lagrangian formulation. In the
Lagrangian framework, variational formulation for incompressible flow has been known for quite
long time. In this paper, we study the incompressible Euler equations as an example. The same
methodology applies to study other fluid equations, e.g., the compressible Euler equations and
the compressible and incompressible Navier–Stokes equations, and other differential equations
equally. Note that other variational formulations for the incompressible Euler equations exist,
for instance, the Clebsch variational principle and a multisymplectic formulation (see [8] and
references therein for more details).
The incompressible Euler equations are the following system of partial differential equations
for the velocity u ∈ Rn (n = 2 or 3) and the pressure p ∈ R:
ut + u · ∇u+∇p = 0,
∇ · u = 0.
(4.3)
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Dimension of the space variable is the same as the velocity, i.e., n = 2 or 3, and time is
one-dimensional. This system models the flow of inviscid, incompressible fluid with constant
density. Note that in this subsection, we use n to denote the dimension of variables rather than
p (and q) used above as it means a different thing in fluid mechanics. Furthermore, the dummy
dependent variable corresponding to the pressure p will be denoted by q.
In Cartesian coordinates, the system can be written in component form as follows
∂ui
∂t
+ uj
∂ui
∂xj
+
∂p
∂xi
= 0, i = 1, 2, . . . , n,
∂uj
∂xj
= 0.
(4.4)
In this paper, we only consider the three-dimensional case, i.e., n = 3. Introducing dummy
dependent variables v ∈ R3 and q ∈ R, we define the modified formal Lagrangian by
L̂ = q
(
∂uj
∂xj
)
+
∑
i
vi
(
∂ui
∂t
+ uj
∂ui
∂xj
+
∂p
∂xi
)
−
∑
i,j
uiuj
∂uj
∂xi
. (4.5)
It is equivalent to the generic one and the modified Euler–Lagrange equations, consisting of the
incompressible Euler equations and the adjoint equations, reduce to the incompressible Euler
equations via the substitution v = u and q = p.
4.2.1 Conservation laws related to extended variational symmetries
It is known that when n = 3, the system of incompressible Euler equations admits the following
Lie point symmetries (e.g., [29]):
• Moving coordinates:
fi∂xi + f
′
i∂ui − f
′′
i x
i∂p, i = 1, 2, 3;
• Time translation:
∂t;
• Scaling:
xi∂xi + t∂t,
t∂t − u
i∂ui − 2p∂p;
• Rotations:
xi∂xj − x
j∂xi + u
i∂uj − u
j∂ui , i, j = 1, 2, 3 and i < j;
• Pressure changes:
g∂p.
Here the functions fi and g are arbitrary functions of t.
According to Theorem 3.7, these symmetries can be extended to variational symmetries of
the modified formal Lagrangian if they are variational symmetries of the balance variational
problem, whose Lagrangian is the balance function
L0 = −
∑
i,j
uiuj
∂uj
∂xi
. (4.6)
Using the infinitesimal invariance criterion (2.10), it is immediate to verify that the balance
variational problem is invariant only w.r.t these symmetries: spatial translations (i.e., moving
coordinates with constant functions fi), time translation, rotations and pressure changes. Their
infinitesimal generators X can be extended to variational symmetries
Y = X + φi∗∂vi + φ
q
∗∂q
of the modified formal Lagrangian according to Theorem 3.7.
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• Extension of spatial translations ∂xi :
Yi = ∂xi , i = 1, 2, 3;
• Extension of time translation ∂t:
Y = ∂t;
• Extension of rotations xi∂xj − x
j∂xi + u
i∂uj − u
j∂ui :
Yij = x
i∂xj − x
j∂xi + u
i∂uj − u
j∂ui + v
i∂vj − v
j∂vi , i, j = 1, 2, 3 and i < j;
• Extension of pressure changes g(t)∂p:
Y = g(t)∂p.
Noether’s Theorem then yields conservation laws of the modified Euler–Lagrange equations,
which, by using the substitution v = u and q = p, turn into conservation laws of the incompress-
ible Euler equations. We only give the final results without showing intermediate computational
details. Only one nontrivial conservation law is obtained after the substitution, that is
Dxi
(
g(t)ui
)
= g(t)
∂ui
∂xi
,
corresponding to the symmetry of pressure changes. This is the conservation of mass.
4.2.2 Conservation laws related to other variational symmetries
Except those symmetries extended from symmetries of the incompressible Euler equations, the
modified formal Lagrangian (4.5) also admits other variational symmetries. They can also be
used to compute conservation laws of the incompressible Euler equations.
The first kind of infinitesimal generators is
Ŷi = ∂vi + u
i∂q, i = 1, 2, 3, (4.7)
which are variational symmetries for the modified formal Lagrangian (4.5), since the infinitesi-
mal invariance criterion (2.10) is satisfied for each Ŷi, that is
prŶi(L̂) =
(
∂ui
∂t
+ uj
∂ui
∂xj
+
∂p
∂xi
)
+ ui
(
∂uj
∂xj
)
= Dtu
i +Dxj
(
δ
j
i p+ u
iuj
)
.
(4.8)
The conservation laws are already written in characteristic form and they correspond to the
conservation of momentum.
Another variational symmetry is generated by
Ŷ0 = u
i∂vi +
(∑
i
1
2
(ui)2 + p
)
∂q. (4.9)
The conservation law is obtained using Noether’s Theorem again, namely
prŶ0(L̂) =
∑
i
ui
(
∂ui
∂t
+ uj
∂ui
∂xj
+
∂p
∂xi
)
+
(
1
2
∑
i
(ui)2 + p
)(
∂uj
∂xj
)
= Dt
(
1
2
∑
i
(ui)2
)
+Dxi
1
2
∑
j
(uj)2ui + pui

= Dt
(
1
2
|u|2
)
+∇ ·
(
1
2
|u|2u+ pu
)
,
(4.10)
which is the conservation of energy.
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5 Conclusions and future work
A modified formal Lagrangian formulation for studying conservations laws of differential equa-
tions was defined in this paper. It was proved that any system of differential equations admits
at least one modified formal Lagrangian and its self-adjointness can be achieved via the sim-
plest substitution for the dummy variables. Practical algorithms were introduced, that allow
us to extend symmetries of the original system to symmetries of its modified formal Lagrangian
and hence to compute conservation laws directly from Noether’s Theorem. The same substi-
tution for dummy variables would yield conservation laws of the original system. We studied
the viscous Burger’s equation, the Fornberg–Whitham equation and the incompressible Euler
equations as illustrations.
Since the modified formal Lagrangian formulation allows us to define formally a variational
structure for any system of differential equations, methods for studying variational problems
can be, at least formally, applied to study non-variational differential equations, such as, sym-
plectic/multisymplectic structures and variational integrator [6,12,21,25–27], invariant calculus
for variational problems [23,24,31], etc., beside Noether’s two theorems.
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